I. INTRODUCTION

R
EMOTE sensing of the ocean surface by regular synthetic aperture radar (SAR) offers substantial advantages over alternative instruments due to its high resolution, broad coverage and independence of weather conditions [1] .
Spatial wave spectra were successfully measured by SAR [2] - [6] . Goldstein and Zebker [7] and Goldstein et al. [8] demonstrated the possibility to use the along-track INSAR for measuring currents in the ocean by using the phase component of the complex INSAR image. Under certain simplifying assumptions the phase component is directly proportional to the line-of-sight component of the scattered velocity on the surface.
Marom et al. [9] - [10] took the advantage of these features of INSAR, and applied this instrument to study the twodimensional ocean wave spectra. It was demonstrated that the quantitative information on ocean wave heights can indeed be retrieved from the INSAR phase component.
Theoretical analysis of the principles of the imaging of ocean waves by INSAR, performed by Shemer and Kit [11] , indicates that the velocity bunching may lead to a substantial distortion of the phase component of the complex INSAR image. A further study demonstrated that the phase component of INSAR is only weakly affected by the real aperture radar (RAR) modulation [12] . On the other hand, under certain conditions the magnitudes of both INSAR and the regular SAR outputs can be modified notably by RAR modulation, complicating even further determination of wave heights.
Plant and Zurk [13] applied quasilinear theory of SAR imagery of the ocean surface to simulate SAR image spectra for a number of SAR parameters and sea states. In many occasions, their simulations indicate that it is possible not only to extract from the SAR images of the ocean surface the directions of propagation of the dominant waves, but even to estimate the significant wave height. Bao et al. applied MonteCarlo method to simulate ocean waves images by INSAR [14] .
One of the major mechanism which renders ocean waves visible in the SAR images is the so-called "velocity-bunching" [15] - [16] . However, SAR imaging mechanism can cause substantial distortion of the spectra and a notable deviation of the propagation direction of the dominant wave [13] , [17] . The question therefore arises under which conditions it is possible to extract sufficiently representative information about the waves from the SAR (or INSAR) images.
One step toward the solution of this problem is through a full nonlinear SAR/INSAR imaging theory to simulate the image of a monochromatic ocean wave. Hasselmann and Hasselmann [18] and Krogstag [19] derived a closed form nonlinear spectral transform resulting from velocity bunching. The Hasselmanns model can be used to simulate the SAR image (direct problem) and to estimate the wave spectrum from measurements (inverse problem). The spectra of the actual wave field and that of the resulting image are related through an essentially nonlinear mathematical operator (1) From the mathematical standpoint the ultimate goal of SAR/INSAR imagery of the ocean surface is to find a representative estimate by inverting the nonlinear operator (1) . It should be taken into account that the structure of the direct operator is known only approximately, whereas the output is contaminated by noise. Thus, the inversion of the functional equation (1) may be impossible in a 0196-2892/99$10.00 © 1999 IEEE rigorous mathematical sense due to a salient feature of typical inverse problems, i.e., they are frequently ill-posed [20] . This means that the solution of an inverse problems may either be unstable with respect to small input errors, be non unique, or not exist at all. The principal difficulties related to the inversion of the SAR images of ocean waves were considered by Hasselmann and Hasselmann [18] , who emphasized that the ill-posed problem can be solved by invoking an a priori information named "first-look spectrum." In such a way, the solution of an ill-posed inverse problem is reduced to estimation of the wave spectrum parameters by minimizing an appropriately defined difference between the output spectrum and its prediction which takes into account the "first-look spectrum."
There are no formal mathematical rules for identifying a problem as ill-posed. However, if an analytic solution of the direct problem exists, it becomes possible to apply such a solution to estimate the sensitivity of the SAR/INSAR processing to the input parameters, and to use it also as an a priori information for solving the ill-posed inverse problem (1) . To obtain an analytic solution, a single monochromatic wave can be used not only because of its practical use and the relative ease with which it can be analyzed, but also because the results of such a study bear important similarities to more general ocean wave fields with a narrow band spectrum, and in particular, for ocean swells.
Shemer [21] presented an asymptotic approximation to the complex INSAR image of a monochromatic long and not too steep ocean wave, which accounts for the velocity bunching imaging mechanism. An analytic investigation of the SAR image spectrum was carried out by Lyzenga [22] who represented the temporal correlation function of reflectivity as a Fourier series where the coefficients of the series are expressed analytically.
In the present work we also consider a monochromatic progressive wave and calculate the Fourier transform of SAR/INSAR images of such a wave in an explicit form. One of the goals of the work is to illustrate that even for such a simple case, the SAR/INSAR image of a monochromatic wave expands into an infinite number of harmonics which apparently illustrate that the corresponding inverse problem is essentially ill-posed and should be solved by an appropriate regularization as has been proposed in [18] . The derived exact representation of SAR/INSAR Fourier transform may help to delineate the limits of detectability of wave fields with a narrow spectrum and ocean swell by SAR and INSAR.
II. PROBLEM FORMULATION
The expression for the SAR/INSAR image for a monochromatic wave given in [11] is adopted here. It is assumed in [11] that the radar cross section per unit area is constant and, thus, effects of the titling and the hydrodynamic modulation are not considered. For a regular SAR the expression obtained in [11] is consistent with [23] .
A fixed in space orthogonal coordinate system is selected. The plane coincides with the plane of undisturbed free surface and the axis is directed upward. The SAR/INSAR platform moves at a height along the axis in its positive direction with a constant velocity The aircraft is equipped with two antennas separated by a distance in the flight direction. The fore antenna serves as a transmitter, and both antennas serve as receivers. At each instant the coordinates of the antennas are so that two antennas arrive at the same location with the time shift
Consider an additional orthogonal system of coordinates also fixed in space, such that the angle between the axes and is A plane monochromatic harmonic wave moves along the axis (an azimuthal wave propagates in the direction 0). The instantaneous surface elevation is defined by the wave amplitude wave number and wave frequency as Within the framework of the linear surface wave theory, and satisfy the dispersion relation where is the acceleration of gravity. For an incidence angle the radar line-of-sight radial velocity component of the free surface point is where (2) and For modeling SAR/INSAR image of a monochromatic wave along the lines of constant range the -dependence is not essential and may be neglected. By generalizing the approach adopted in [23] to the along-track INSAR its output can be simplified and reduced to a single integral [ Consider the Fourier transform of the integral (4) with respect to (12) Applying (12) to (4) and integrating with respect to yields (13) where (14) and The function can be expanded in Fourier series [24] (15) where are the Bessel functions of the first kind. Substitution of (15) into (14) and analytic integration with respect to involving Dirac -function gives for (13) (16) where (17) and (18) The analytic expressions (16)- (17) represent the wave-number spectrum of SAR/INSAR image of a monochromatic sea wave.
Applying the inverse Fourier transform to (16) gives (19) where the coefficient is used now to define all independent factors appearing in the process of derivation (19) . The quantities ( , 4) and are given by (2) and (6)- (10) . Spliting (19) into the real and the imaginary parts yields where (20)
For a SAR, see (8) , and (20)- (21) yields (23) where for (24) IV. NUMERICAL RESULTS AND DISCUSSION
The analytic expression (19) shows that a harmonic wave with a wave number being processed by SAR/INSAR, expands into an infinite number of spectral components with the azimuthal wave numbers where the dependence on the wave phase velocity can be considered as a generalization of the so-called scanning distortion [25] . The occurrence of higher harmonics in the images is an inevitable consequence of nonlinear SAR/INSAR mechanism. The 180 ambiguity results in two system of waves, propagating in the positive and in the negative directions of the axis. The amplitudes of the harmonics in the resulting spectra depend on the wave amplitude nonlinearly since the Bessel functions are nonlinear with respect to the argument and the number of the harmonic Due to the exponential factors (17) in the series (20)-(21) they converge rather fast. Practically it means that only a few terms in (20) - (21) have to be taken into account. For very long waves ( 0) with small amplitudes ( 0) it follows from (2) that 0. In this case, the series (20)- (21) can be truncated to the first term only (25) where the phase component represents the well known expression of the "ideal" INSAR output [11] . For small values of the argument the Bessel functions behaves as [27] . Thus, only the Bessel function is linear with respect to its argument. The representation (19) can be seen as linear with respect to the wave amplitude only if the argument of the Bessel function is small, so that the inequality (26) is satisfied.
The velocity bunching parameter can be defined as a ratio of the typical length scale to the distorted radar wave length For INSAR, the additional nonlinearity parameter represents the ratio of another length scale, i.e., to In view of (23)- (24) and (26), the parameter defining the nonlinearity of SAR imaging mechanism can be represented as
The nonlinearity parameter which results from velocity bunching, has been obtained by many authors, e.g., [21] , [22] , and [26] . Similarly, recalling (17)- (18), for INSAR the nonlinearity parameter can be defined as (27) where
Numerical calculations presented below shows that for typical INSAR configurations
The parameter (27) illustrates that for INSAR the nonlinearity depends not only on the velocity bunching, but also on the time delay due to antennas separation. Because of the 180 ambiguity, the nonlinearity parameter is different for waves propagating in the positive and in the negative directions of the axis. Since the Fourier coefficients in (20) - (21) appear as a sum of Bessel functions for long and not too steep waves the degree of nonlinearity practically depends mainly on the velocity bunching parameter For comparatively short or steep waves, however, the directional ambiguity results also in the variations of the velocity bunching for the two waves propagating in the opposite directions. For comparative calculations we define the INSAR parameter of nonlinearity as a maximum value of i.e.: The intrinsic properties of the nonlinear mechanism can be illustrated by considering several first harmonics of SAR image. The Bessel functions grow monotonically until they attain their corresponding first positive extremum at where 1.85), 3.05 ( 1.5), 4.2 ( 1.4) and 5.4 ( 1.35) [27] . Thus, the SAR output also grows monotonically with as long as the nonlinearity parameter Results of Fig. 1(a) indicate that the maximum values of the SAR output increase almost linearly with the wave amplitude, as long as the nonlinearity parameter remains below some limiting value of about 1.2. The values of the SAR output for the imaging conditions of Fig. 1 attain their maximum for the nonlinearity parameter 1.4. For higher values of nonlinearity parameter the contrast of the SAR image decreases.
For relatively small values of the nonlinearity parameter, the Fourier coefficients of the SAR output decomposition decay monotonically. For example, for wavelength 200 m and wave amplitude 1.2 m ( 0.67) the dominant harmonic is stronger than the background level Fig. 1(b) ], resulting in a strong contrast in the corresponding output of Fig. 1(a) . On the other hand, the highly distorted SAR output for 3.83 in Fig. 1(a) corresponds to the spectrum of the image represented in Fig. 1(c) which is characterized by a large value of the background in the absence of the first harmonic and notable second and third harmonics.
The along-track INSAR images of the azimuthally propagating wave with 200 m and identical imaging conditions are presented in Fig. 2 for a number of wave amplitudes. The INSAR modulus [ Fig. 2(a) ] becomes distorted already for waves with amplitude exceeding 1 m ( 0.56, 2.52). Note that the regular SAR output reflects faithfully the imaged wave for much higher amplitudes [see Fig. 1(a) ]. The phase component of INSAR, however, provides a relatively weakly distorted image of the ocean swell even for relatively high wave amplitudes [Fig 2(b) ]. Since the spectrum of the imaginary part of the INSAR image does not include a DC component ( ), the contrast of the phase component of INSAR is stronger than that of the regular SAR. For extreme imaging conditions, both the modulus and the phase of INSAR can be strongly distorted. An example of such a strong distortion is given in Fig. 3 for an azimuthally propagating wave with 75 m and wave amplitude 1.1 m. The image of the INSAR modulus [ Fig. 3(a) ] incorporates a considerable second harmonic, while the phase of the image contains discontinuities due the fact that the absolute value of INSAR phase [ Fig. 3(b) ] exceeds 180 .
The complex INSAR image is presented in Fig. 3(a) and (b) in a traditional way, i.e., as its modulus and the phase angle. Its real and imaginary parts are presented in Fig. 3(c) and (d). The modulus of the complex INSAR output [ Fig. 3(a) ] and its real part [ Fig. 3(c) ] are distorted due to the presence of a considerable second harmonics. The spectrum of the real part has a strong DC component which reduces the contrast. The imaginary part of the image also contains a considerable second harmonic [ Fig. 3(f) ], but compared to the phase of the image [ Fig. 3(b) ], the shape of the imaginary part remains quite close to the "ideal output." As noted above, the spectrum of the imaginary part of the INSAR image does not include a DC component which results in a strong contrast. It thus may be concluded that for some particular imaging conditions, especially when the phase of the output contains discontinuities, the analysis of an imaginary part of INSAR can add some essential information about the wave field.
It should be emphasized that the numerical examples presented here do not cover the variety of the problem parameters which can affect the results. V. CONCLUSION 1) A new closed-form explicit representation of the SAR/INSAR image of ocean swell is derived in this paper. It provides a clearer insight into the imaging mechanism by illustrating how a single monochromatic wave is transformed into a nonsinusoidal function so that its spectral representation includes an infinite number of higher harmonics. The amplitudes of these harmonics depend on the degree of the nonlinearity of the SAR/INSAR mechanism. Two criteria of the nonlinearity are derived. For a regular SAR, the nonlinearity depends mainly on the value of velocity bunching coefficient ( [21] , [22] , [26] ). For the alongtrack INSAR the derived criterion of nonlinearity depends not only on the velocity bunching parameter, but also on the separation time between two antennas. 2) Higher harmonics in SAR/INSAR images constitute an unavoidable consequence of the inherent properties of the nonlinear nature of the SAR/INSAR imaging. The present study illustrates that due to the difficulties in distinguishing between the fundamental and higher harmonics, as well as due to the presence of measurement noise, the inverse problem of SAR/INSAR imaging should be considered as a ill-posed [20] , [28] . One of the possible ways to regularize the ill-posed problem is by invoking a priory information as suggested by Hasselmann and Hasselmann [18] . 3) Under some conditions, in particular for comparatively short and steep waves INSAR nonlinearity can be more pronounced than that for a regular SAR resulting in stronger higher harmonics in images. When the phase of the INSAR contains discontinuities, the imaginary part of the complex INSAR image and its Fourier coefficients may provide useful supplementary information about the wave field. This may be particularly true for the imaging conditions when the absolute value of the INSAR phase can exceed 180 .
